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Ahtrad

lt is  well-kl)owll  t,l]at tllcrc arc sigl)ificallt  dctmninist,ic.  alnLiguitics  illllcrcl)t  ill trying
h dctcrlnil]c  tl]c ])articular  rail) l-ate })rofilc  wllicll  ])roduccd  soInc  givcl) scqucn]cc  of air-  o r
s])acc-Lorllc  raclar  CC.1]0 ])owcrs  at a sillglc attclluat,illp;  frequency. We qual)tify  tjl]csc amLigu-
itics II)a,tl)clllatic  ally,  and  cxalllillc  tllcil cfk:c.t  o]l various l)ro]mscd  raill-rat,c })mfilc rctricva]
algorit,l)ms.  \VllelI Lllc givcll data  col)sist  of a sillglc radiolnctcr  lncasurcmalt  togctllcr  with a
sillg;]c-]c)ok-  allglc  sillglc-flcclllcllc,y set of lallg;c-col))])rcssc(l CCI)O powers, WC SIIOW that  scvcra]
sul.mt, al)tial]y diflcrm)t,  rail] l)rofj]cs call lca]istica]ly LC C,ollsiclclc(]  so]utiol)s. 01) IJlc C)tllcl’
lIaI]d,  if tllc data col)sist  of a sillglc-look-allglc  two-f rcqumlcy  set of CCI]O ])owcrs,  tllc iTlvcrsioll
])M3LIc]11 gcllcrical]y  IIas a ul)iquc  sc)lutio]). Wc note that  tracliticnla]  “Lack-of-tllemdojw”
arg;ummlts  call Le quite  lnislcadillg  ill a s s e s s i n g  tllc cxtcl)t  of tl)c  alnl.)iguity,  CVC]] ill  tllc
siln])]cst  c,a.scs.



‘J’IIc  ]JIolJlcIn o f  cst,ilnaii]lg; the vcrt,ica] rail)fal]  ]JrofJlc  frol[l l[~cas~llcll~cl~ts  cJljtaiIJcd usjllp;
aII act ive IIarrow-lmllcl  air- or s]mcc-bor]lc  radal  IIas almacly  I)ccn s tud ied  Cxtcj]sivc]y  (SCC
for cxalllp]c  Atlas ald ~]]bric.]~  ] 977, ]rll~ih  ] <)83, ]]itsc]lfc]d  aJJd ]Iordall 1954, Nlamouc a]ld
A]]layc]lc  1991, Mcllc@iill;  1978, Mcl)cf;llilli aIJd NalwumIIa 1990, Wcilllnal]  et al 1990, all~on:
]I”lally ok’s). III orclcr  to a])])macl]  tlIc  ]) IwlJlcIII  lllf~tllcll}:ttically,  o]lc ]lccds t o  I] Iodcl  t,l]c
dc]m]dc]lcc of tllc rcccivcd l)OWC] 011 tl)c  rail] r a t e  i t s e l f ,  ‘J’rad; tiollally,  OI]C tl~c]l  l)rocds
to count  t,llc llulnbcr  of ccluatiolis  and  tllc  IIulllbcr  of lllllillOWll varial~]cs, assulllill~, tl~c
varial)]cs  ill tlIc  II]ocld l]avc lJCCII  discrctizd:  if the IIUInlKY of ec]uatio]]s cxcccds  tlIc II UIII1.)CJ
o f  varial.)]cs,  co]lvc]ltiollal  wisdo]l)  clictat,cs t])at, aII u]la]])bigous  solutio])  Ilkmt mist. 01)
tlIc  ot]lcr  l)a]ld,  i f  tlicrc arc IJ-JOrC  u])k]low])s tllal} cquatiolls, o]lc lnigllt  look for additiolla]
collsiraillts  that lnigllt  form a ul)iquc  solut ion. ‘1’here arc two iln]mtallt  clrawbacks  to SUC.11
all a])l)roac]l.  ‘J’lIc  ]nai]l OIIC k t]lat tllcrc i s  I1O p,uaral]tcc  t]lat t]ic equatiol)s OIIC gets  ~vill
bc indcpmldcnt  ( i n d e e d ,  as wc s]la,]]  SCC, ill SOIIIC sjl]l])]c  Ica]jstjc c a s e s ,  t]lcy  ZLIC Ilot).  A
IIIOrC  hsic  sllortcolnil]g  is that  tlic discmtizatiol)  is all artifact tllatl is IIcccssary  oIIlj7 for tlie
illl]~lcl]lclltatiol]  of an actual cstilnatiojl  algoritllln. (31)c  would lx closer to real;  ty if onc kcl)t
ill lnillcl  that tllc rcccivccl  ]Jowcr is a function of Cc)lltillous  tilnc, and tllc rail) rate a fullctic~]l
of co] lt,inuous  r.mgc. ‘1’l)c ]nost  llotablc  result using; a col]tilluous  Illoclcl  is tllc ollc ol.)tailled
by IIitscl]fcld  and IIordan (1 954). It sug;gcsts that  ul}c.crtail)tics  i]) tl]c  raclar  calil)ratioll calt
lead to sizable wmrs. h4cllcghilIi  (1976’) st,udicd  tllc cflcct  of slnal]  ullccrtailitics  iJl so]]lc of
tl]c })aralncbs  rdatil)g  t h e  raili  r a t e  t o  tllc ]]lcasurcd  radar rcflcctivim,  and showd that
s e r i o u s  C?r]ol’$ coll]d ~csll]t w]]cl] Ol)c u s e s  valio~ls  illvcrsioll  a]g;orit]lllls. ]]1 this  lHipcI, \{’c
illvcsti~;at,c  tl]c  alnbiguitics  ill Lllc rai]i  r a t e  l)lofilc  rdricvd  prob]c]t]  tl)at arc duc to tl]c
~~al.yillg  lla,~lll.c  of t]lc l.ail)fa]]  itsC]f. ‘J’} ICXC jll]iclcl)t  CIrOIX a r c  i?~ [/ddifion  to t]lc CI.I.01’S duc

to tllc cvc]Jtual  illstabi]ity  of tllc illvcrsioll  al$;oritlllr)  mscd,  and to the ralldoln IJoisc-il]duccxl
f]llCtllatiOllS.  ]JIC]CC!d,  W \\’C! S]1OW ill t]liS ])a])C1’, tllcsc alnbiguitics  do ?{oi disap])eal  i f  OI]C
LJSCS a llulne.ric,al]y stable inversion ]nctl)od,  SUC1] as tllc  s~llf;lcc-lcfcl’clicc tccllltiquc ]jrol)oscd
by h4cl)cgl}illi  al)d Nahnura (1 990),  or tl)c  OI]C ])ro])oscd by A4arzoug  aJld AI]]aycIlc (1 991).

A ]]]orc subt]c colJ~plicatioll  is tllc fact that tllc al]i}jir;uity  issue is a scicl)tific  OIIC ratl]c~
“tllall  a l~urdy  II]atllclnatica]  OJ]C: i]ldccd,  ol]c I]ccd ]Iot lJc col]ccrnd  about tl]c ulliqucllcss  of
all (: VCJlt,  LJa]  SO] Uti Oil, bLlt l’at]l Cl’ al)out  t]]c difkW!llCC bc!twcmi IIlul[i])]c so]u{, iol]s, if ally. l~o]
cxalll]~lc, wllilc  the sillglc-frc(lllcllcy  c.asc tul’lls  out to I.)c Ullaccc])tably  alllljip;~lous,  additiol)a]
ll-lCZiS[lICIllCIItlS  wit]} a dif[crclltl look a.l]f;lc tjurJl tllc ]~rol)lcl]] illt,o o]lc Ivl);cll  adlllils  IIoll-ulliquc
solut ions that arc noi  si$;llifical)tly diflcrcvlt. II[c wil l  us(’ sillll)lc collti!luous  lilodcls  sil)lilal
to L]IC OIIC USCC] hy ]]it,sc]]fdd  and llordaJl (1 954) I,o cxa]]]i]lc  t]]cse  issues,  st,arti]]g  ~vit,]l  t]tr
sill$;lc:-flcq~lcllc,y  c,asc. 11) tllc cxaJ)]]~lcs,  w c  sl]al]  he IIlost illtcrcstd  ill tllc  c a s e  Jvllcrc  tllc
sillp;lc frcquc)lcy  i s  Y 13.8 (~]lz,  tllc fIW~lJcJIc~~  o f  tile  l)J(:cil)itl(tioll  l{a(lar  of {I)c ‘1’l’ol)ica]



l{ail~fal]  Mmsuri])g  Missiol~  (rl’l{h4M - scc  ‘J’l)coI~  and l~ugyn)o, 1988).

2 Single frequency - -  13 itlscllfel(l-130  rciall  a p p r o a c h

lmt  us hcgill  by rcwicwil)g  the classjcal rcsuli of IIitscllfcld aIId llordaI1’s.  \lle usc tllc si]n])]c
IIlodcl that tllc calil)ratcd  cfl’cctivc rcflcc,tivjty  p(r) lncasurcd  by a I]adir-lookill/;  lnollostatlic.
nanow- band radar, froln  m)gc ? ‘, is }Jrol)ortiolml Lc) tltc reflect ivi ty cocffic.icllt Z(r) of tllc
rain :Lt ranp;c r, and to tllc accumulatcx]  attcmuaiiol)  frol]l ra]]gc  O to range r, .3ssu IIIi IIg tl]at
r : 0 is ilIc ra]lgc  at tlIc  top of Lllc rail] ccl]. (;allil)g  k(?) tllc attculuatio]l  cocfficic]lt  at ra]]gc
r, and ill the abscllcc of noise, tl~is  js c.quivalc]lt  to assulning  tl)at tlic calibrated mflcc.tivity
is exactly givcll by

))(7’) = Z(r)lo - “’2-L ~’(’)d’< (1)

l~c)llowillg  IIjtschfcld  and llordaIl,  ICL us assul]lc  that ~vc arc givcvl  y a]]d ]]CCCI to dctcllninc  Z
and k. l’;ln])irical]y,  jt scclns  rcasollab]c  to assulnc  tl]at X al)d k a r c  rclatccl  to tl)c  rail] rate
IL(r)  by equations of the forln  X =- a 1P ancl  k =- n 1/!  wlIcrc  the ~Jaralnctcrs  a, b, ck a n d
/3 arc to bc dctcrminccl.  So wc subst,ituk  this cx]~rcssio]]  for Z al]cl  k ill (1), a]ld ]JIOcccxl  to
SOIVC for 1/. As ill (Iljtscllfcld  and I Jordan 1954),  tl]c  solut; on is

(2)

‘] ’]Ius,  if (L, b, a a n d  /? WCM knowII,  (’2) would  dctcn]ni]lc  }L’ u]liquc]y.  ]IIdcccl,  IYXXIIt  studies
slIc)w t]]at, if tJIIcc  of  i,]]csc  folll.  paralnctcrs  arc assulncd  l<nowll  a ])riorj,  and if ollc e x t r a
IIlcasurc]ncllt  such as a radjolnctcr  rcaclillg  js used to clctcrjnillc  the rclnajllin.g  }m’al[lctcr,
tllcl) onc  can  calcu]atc t,l]c underlying  rail] rate It exac t ly .

Sil)cc it ;s lligh]y  ul]ljkcly  that a, b, ~ a n d  /3 call bc kIJOWII e x a c t l y ,  tllcrc rcnlaills t,c)
qua.lltjfy  t,llc  cficct  011 II? o f  an CIIOI ill a, b, a 01$ /3. IIldccd, any value of  (a, 1/, (Y, /?) w i l l

~iv~ a lain l’at~ P1’ofilc  I{ wllos~ l~s~~ltiJlg  lctllllIs  will allloullt  t o  tllc  IIlcasurul  cflcctivc
re f l ec t iv i ty .  Jus t  I]OW diffcrcllt call two 1?’s obtajncd  usill~;  t,lvo difl’crolt  a’s get? ‘1’o allswcr
sue.]) qucxtiolls, w c  start wit]] t])c cl]-l])ilic:~ll  ~~-~~cljfic(l silllj)lifyjllp;  assuIl)])lioll  tl]a( tllc  rain
rcflcztivity  aJ]d a,ttcvluatic)ll  cocfJicjcll L arc jlldccd  r e l a t e d  to tllc rail] late l)y ])OWCJ l a w s .
‘J’llus,  t,]Ic ca]iljratlcd  cflcct, ivc r e f l ec t iv i ty  p(r) rcccivcd  fro] 1 I lal)p;c ? is related 10 tllc  rail]
]atc ~<(i) at l’~ll F;CS i < ‘r l.)y

(3)
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wllcrc a, b, a zuld ~ arc ]Jara]nctcrs  b bc dclmIIIi  IIcd. Assu J]~i]]g  tha t  tl]mc  ]Jara]]lctcM
rmllain  c o n s t a n t  tl~rougl]oui  the rain colum]l (a c o n v e n i e n t  simplif.yil)g  assLllnp-
tion  which  we shall  do away w;tll in scwtion  4), we arc interested  in f i n d i n g  o u t  i f
. . . .
It 1s possible  that two cl] flerent  sets of ~ainfall pa ramete rs  {1<.(7),  ao, &, (y(,, .0

.
~ } ancl

{Jt,(r),a,,l),,(l,, ~j }  give r ise:  to  the same cflcxtivc  r e f l e c t i v i t y  ~j(r),  ant] ,  ill that,
c a s e ,  I]OW difTcrent,  ItO ant]  1/1 can be.

A s  a first stc]), let us collsiclcr  a sill)plc  vcrsioll  of this prol.)lc.ln: su])posc  t!llat!  a, /), and
/3 arc fixed a,,d assu,ncxl l<,,own,  that wc arc .givcl,  1{0(7) a*Kl 00, a,,d let us try to dctcr*nil,c
ulldcr  w’l)at collclitiolls  a difbcmt  J/l (r) a.lld  al could  still  g i v e  r i s e  to tllc SaIIJC cfl’cct,ivc
rcflccijiv; ty ])rofilc, i.e. would satisfy

Clli]  (r)~l o-””2c” J; ‘{1(t)6dt  = al{o(?”)%  o- 0“20”fo’ ~~”@)@y (4)

at, a 11 m Igcs r. Writ,ing  1“ for tllc ratio  l{] /1/0,  illtmchallp;ing  t e r m s  0]] citllcr  si(?c of t]lc
equality, tllcli  taking  tl)c loga,rit,l~lll  of t,hc two

-- o.2r% log(l  o)
l og  J’(r) = — . - – - T - L  - - -

.
sides, oI]c call trallsfor]n  (4) into

/(
r  1 -  ::l’’(i)~))to(t)  fl(lf, (5)

.0

W]]ic]l, w]]c]) diflcrclltiatccl  wit,l]  rc%~wct to 7“, lKXOI1lCX

((i)

ill wllicl) 1’” dculotcs the derivat ive of  J’ with rcs]xc.t  tO ya.II~;c. ]~’q. ((j) call bc IWWIjt,  {,CII  aS

-.--–. -.!(:---- - o.h~lc)g(lo) p-... .— —. .._.
]’(] -.. S!l.] (’o) ‘- [)

- Ii.
~o

wllic.11, wlIcn il)tegratcd  with rcs])cct to rallgc, g i v e s

-- ~- log ( 1“(7’)- P - 0’, /o~

--”-)

-  o.2cY(l 1OF;(1  o )  “—. —. ——
P 1- cY, /@ : ‘--””- b - J l{”(qmc1

(7)

(8)

){, (?’), IIalllcly

(9)

wllicll Cal) bc rcs])olwil>lc  for tfl IC sanlc cfl[!ct, ivc rcf[cctivity  ])owc]’  as l/[).



A  co]lvc)licnt  rough  Incasurc  of lIOW dif[’crcllt SUCII all Itl is f]c)]I-I  tl~c original  Ii. is tllc

value of tlIc  IIoll-llcgativc  qual]tiiy  Q(7-) = (f~~~ – 1)2, tllc square of tllc r e l a t ive diflcrcllcc

bctwcc])  ltl and 1/0 (LIIc c]oscr  Q is to z e r o , tllc slnallcr  tl]c  difk:rcnc.c).  It, i s  c]lcourag;ing
tl]at, ill this silnp]c msc wllcrc  m]ly tllc ]mralnctcr a is ]]ot assu]llcd  k]]owIl, Q(()) = O .  WC

SCC]ll to bc ofl’ to a good start:  t,llc  difl’crcl]c.c  is illit,ially  tiny. ‘J’o get al) idea of its cvo]utiol)

~. lJIldcr  the additional siill])lifyillglvit]l  il]crcasillg; ra])~;c,  OIIC  c.al~ com])uic i ts  derivat ive -
assuln])tion  that ~ =- 1 (an  eln])irical].  y reasonable value), ol)c filids  that

dQ

[

2/(?’)(1  -  X)2

------1 [

(/(7’) - 1-.— -.. . ..— ——. ‘—.. .
dr ‘“ ‘“”- ‘ -1(x-4 (I - ~jg(7y ~-I (I - ~:)g(7) ‘

(10)

w] IC.rc  2’ = ::, g(?) = 10Q’2+Q2 J: ~{”(ty  g’(r)  ~ =pQ~~g(r). ‘J’l]c tcrlm witllill  tllc first
I.)rac.kcts  arc all posiiivc. q’l]c  Ilullicrator  ill tllc scco]ld  bracket is ]mitivc  as sool I as 7>0.
‘J’l]c  dcllol]]illator  is positive at r = O  al]d it is colltil]uous,  l)cncc,  as lo]lg a s  it docs]l’t
~>al)is]) (all(l wc ]Iavc ])CCII  jm])licit,  ]y a,ssulnillp;  i t  rclilains  llC)I1-ZCl’O  OVC~ tllc rca]istic  rall~;c),
tll]c dcllomillator  rclnaim positive also. ‘1’]ius  Q is lllc~l~otollicall~~  illcrcasillg as a function  of
rallg;c. ‘J’l)is  lncans i,l]at  wllilc  the cljffcrcl}cc  bctwcc!n 11] and ItC, a lways  s t a r t s  out, s]ml], it
II)ust il]crcasc stcadi]y  with rallgc. III fact, given ally  value c > 0, O]IC call dctmnillc  the
rallgc r , at wllic]l Q(r, ) will reach the value (2 : i n d e e d ,  oI]c fi]]cls  that 7’( Jvoulcl  l]avc to
sat, isf~r the cquatiol]

w] IC]’c ltp = ~- f~f lio(i)di  is tl)c  currm)t  avcrap;c  value of tl,c rai,, rate. (),,c ca], scc fro,,,
(11 ) that  Q c.a]l cxccccl tllc value I/4 very quickly, allowillr;  us to ~Jroducc a rail,  l,mfilc t],at
q u i c k l y  dccrcascs  to one-half  tllc  va]uc  of tllc original rain ])rofilc  wlli]c  still  ])roduci])g  tl)c
same cflcctivc reflectivity. l“ip;urc 1 slIolvs just suc.11 all cxal  II])lc:  w’c clIosc 1/0 : 4(I ]1-1111/111,
1)= 1.5, ~= l,a o  = 0 . 0 3 6 ,  tlICII  COIII])UtCd  1{1 according  t o  (s)) Wit]] CYl = 0,018. ‘J’hcsc
va]ucs  a r c  li’cll  within  tllc  cloculncntccl  bou]lds  for tllc paralnctcns  ill this lnoclc]  (SCC, f o r
cxalnl~lc,  Atlas al)d lJ]l)Iicl] 1 9 7 4 ,  IIa,ttal]  1 9 7 3 ,  l)ll)ricll  ] 983 Ilot,c t]lat our /; is ~J]l)licll’s
A) for radar frcqucllcics  IIcar 13.8 Gllz, tl]c  frcquc]lcy  of tl]c  ‘J’lth4h4  radar. As is c~’idcl~t,
froIn the grapl), R] macl~cs  20 Imn/111  at raIIgc I’1j2  = 3.3 lfIn. l’i$;ul’c!  2 Snows tl)(! Case Whcl’c
1{~ i s  s t i l l  assulncd  collstanl,,  cqua]  t o  ZO ]mn/llr this tilllc, and (YO = 0 . 0 1 8 ,  (xl = ().() ~j(i:

1/.1 call ag;ajl]  L)(: coln]jutcd  froln  ( 9 ) ,  and ill this c a s e  tllc dc]lol)lillator  sllril)l{s  (Juickly to
Km after a fcw ]{ilolnctcls. lrigurc  3 shows what IIal)])cl]s  ill a Case  \\’llcl’(’  tllc!  OI’i$, illa]
l) Iofilc  1{0 is IIOt constal]t. lIIdd,  tlic ])dilc  UMXI a s  1/.[) ill this cxa]n])lc  i s  cssm)tia]ly
tl)c fift,l] saln])]c  ])mfilc s t u d i e d  by l~lljita (I 983),  and  is rc])rcsclltcd  hy tllc das]tcd  culvc.
‘1’aki]lf; 00 : 0 . 0 1 8 ,  CYI : 0.036 ])m(luccs  a I)cw rail) rate l)mfi]c  It] lvliic.11  q u i c k l y  diI’[!rp;w
by over  1 OO(fi) f r o m  tl~c orjp;illal.  l~igulc  4 sllolt’s  wl)at  IIalj])cl)s lvitll tllc sa]]]c’ 1{0, l)l]t  Ivit II



(YI z 0.018,00 = 0.036. 11) all four cases, tlIc relative crro] dots illdccd  F;rmv steadily lvitll
l’a I 1!;(2, to U1 I accc])t  able lCX’CIS.

1 ,ct us proc.cncl  to tl)c gcnlcral  case:  ?,ivc]) rail) data  {l~o(r),  ao, L{), a~, /3(,}  , \!’c! al”c  loc)l<ill/;
for {]/](7’), a] , b], a], pl} Slicll that

a]R] (?y 10 -  0.2CY1  ~; 1{1  (t)fiI dt ,
a o l i o ( ? y o 1 0 -  ““2a0 -f: ‘{o(t) podt. (12)

Wc trallsforln  tl)is equation by

1 ) dividi]tg  hot)) sides  by al,

3) lnulti])lyillg  boil]  sides by - 0.210g(10)ml~1/Ll.

‘J’l)c cquatio]l  tllc]l bccomcx

(13)
IIltcgratillg  l)otl) siclcs  gives

10- o.2cr, f; I{, (f)fi~ dt .

--(::)fi''`1JrJ``,(`')b0fi''`''o-0'2%:J-s;''{0(t)@0d`  “’”] -. W%g,m ~1
(14)

‘J’akil]g  tl]e  dcc;lnal logarithln  of both  sicles, cliflcrcllt,iat,  il}g with rcs])cct to r, tllcll  simplifying;
. ,

tl]c rcsu]t, wc finally  obtain

(17)

bo/tJl ] ()- 0.2~  f; Ito(t)@odt
w). ___ ____.__:____  ___ _____ .]/, (~)  ,  - -  . .  — . .  . . — .  . . _ _

(

-,,fl, .  ( 1 5 )

( e t , / , L o ) f l ~ / ~ ,  - -  !qy@  J-; ]{o(,.qboP,/b,  ]()-  Ow$  L“ ~~o(f)po~~  ,/,,,

)

‘J’llis  is tl]c  cqua.tiol] wc h a v e  bccII lookil]g  for. JIcfc)rc us;l]g  it, let us c]lc~]i tl)at  it rcduws

to (9) j]l tllc s]mial  case where only e is allowed to vary. II I(Icc(l, iII that case, (15) call be
rcwrittml  as



wllicl) is illdcccl  equivalent to (9).

IL turns  out that t}Ic ncw rail] rates ltl obtaillcd  using  (15) call k at least as ill-l) chavcd
(fro,,)  our ]}crspcctivc)  as tl,osc c],cou,ltcrcd  ea r l i e r  i,, t,hc spccia]  case .  l,]dccd, f i g u r e  5
s]lows tl]c  c.asc wllcrc 1?0 is as ill figure 4, bui with ])aralnctcm sclcc.  tcxl  as follc)~vs:  ao/tL1 z
0.?3, 1)0 = 1 .Z4, 1)1 =- 1.8, tio = 0 .018 ,  (Y] J 0.036,  PO = 0.98,~1  = 1.18.  ‘J’]](!  difl’crcl)cc l)ctwcc]l
1/0 a]td 1/1 is substantial. AI Iotl)cr  cxaln])lc  is s] IowJl ill figure 6, W1)CIC tl]c  para]nctcm arc:
([(l/CL1 = 1.03, ho = 1.34, b1 = 1.64, C %  : 0.018,  CY1 = 0 . 0 3 6 , / 30 = 0 .9  S , /?1 = 1.18. OJ~c.c again,
tl)c  diflcmlw is very substantial. ‘J’]lis  cxal  r]])lc is ],crlla])s  l]]orc Iunarlmblc Ijc.cause bc)tll
l)rofilw  a c t u a l l y  sllarc tllc salm avcrag;c (e 50 lmI1/l]r). ‘J’lllls,  CVC]] if wc IIad a  rcliab]c
cstilna.tc of tllc! a,vcragc  amount  of rail] o v e r  tllc wllolc colu]llll ullclcr study  ill t h a t  casc,
w c  w o u l d  still  not bc ab]c to clcc.idc  bctwcml  1/0 and 1(1 (and  tllc c.olltilluum  of ])ossibilitics
bctwcc])  ancl aroulld  tllcln).

3 Single frequency -- Sll]+face-llcfere]lce  approach

IIcforc  going;  on to less simplified rain reflectivity IIlodcls,  let us cxa,lnillc  tllc alllbiguitics
Wllcll, inst,cacl  o f  using tl)c  clircctly  lncasumd  cf~cctivc rcflcctivitics  as o u r  starti]}g; poil]t,
wc usc s~llfacc-1’cfcl’cllcc(l  cla.ta  as ~Jro~)oscd  by M armug;  a.lld A Inayc.I)c (1 991 ) ins(cad, i .c.
if wc d iv ide  p(r) a t  eve ry  range  7’ by p(r~), wllcrc  r s dcllotcs  tllc ranp;c to tl]c  s u r f a c e ,
Writing;  o for tllc su r face  backscattcrillg  cocflic,icl]t, a dcrivatiol,  i den t i ca l  to tllc c)]]c w c
used above to obtain  (1 5) sl)ows that two sets of rain data {]/o(r),  ao,  1)0, (Yo, / 30 , 0 0 }  and
{1{, (r), a,> b,, 0,, /3, ~1 } g;iv~:  ~isc to tll~ salllc  s~llfac(:-rcfclcllcc(l  Cflt:ctivc rcflcctivitiex if

1 ly varying tl)c  various paraln(!tcrs  ill (1 8), oltc call again easily l) IOCIUC.C cliffcrcl]t rail) l)lc)-
filcs that give the same surface-l(:fclcl)cccl cclIo profi]c. ‘J’his IIigl]lig;l]ts  tl]c  fact  that  tJIcsc
al)) biguitics  arc illllcrcllt i]) the sillglc-flccj(lcllcy  ]) IO1)lCIII  itself, al)d arc IIOt artifacts of t]IC
illvcrsiol)  lnct]locl  usccl. Morccnw , as in tllc  IIitjscllfcl  (l-l ]ol.(la]l  a])]) roacl),  tllc error duc to
tllcsc al)lljig;uitics  ma,nifcstly  collt,ributcs  cx])ollclltia]ly  Jt’itll  I.ang;c.

Wc i l lustrate  t,l]is cfltict by considmil)g  a col]stantl  rail) rate ])rofilc 1{[) = ’20 1]1]]]/l)r,  a])d
usi,,g  ( 1 8 )  to co]n],uic  two  ]Jkfi]cs  tl,at would  l]ave ]~roduccd tl,c sa*nc slllf?\cc-]cfrlt:,,cc(l
cffcctlive rcflcctivitics,  ill tl)c  two  cases w’llcrc



2) 0’0 ~ 0.03, a] = 0.02, ~o = 1.08, pj = 0.98, L(I = ].(i, b] = 1.4, aIlcl :: = 0.75::.

]rig;urc 7 sliows tl]c  t w o  mrres])ondi]lg  IJrofiles. Assutllil)g  tliat  wc lMVC perfect  k]lowlcc]gc
of tl)c (I)ossib]y  rai l l -modified) surfmc backscattmiltg  cocflicimt, i.e. assu~nillp;  that 00 =-
0 1 , tl]csc two c a s e s  s h o w  IIow a rclativc]y  s]nall  c.llallgc ill tllc  ]malllctcr  u call kcad  h
si$;llific.all~]y  c]iffcrcllt,  associatcc]  rail] l’atc ])rofi]c!s.  ~:lsc! ] Corl’c!s])ollds  to the  sitllatioll  WIICIC
a] : 1  .5a0,  w}licll  ha])l)cns  for cxa]n])lc  WlICII  ao = 2 5 0  and  a) = 3 7 5  (t,llc units arc SUC1)
tl~at,  Z i s  cxprcsscd  ill  7-t7mG o m - 3 ) .  ‘J’llc rcsulti]l~  rail) rate )t, is allnost  100  % bclmv  It.
= 2 0  mm/hr. Note that ,  in this case, tl]c  total ])atll-illtcg;latccl  attmluatioll  is allnosst,  tl)c
s a m e  for the two lwofilcs: 1.3 d]]  for tllc ])rofilc lt~, and 0.98 d]] for l/l. ‘1’his  is sig;llificallt
lmausc, iIl ])racticc,  WlICJI O]lC l]as an cstill}atc  o f  tllc  surfac.c backscattcrillg  cocfJicicllt  u to
usc iII tl)c sLllfacc-lcfcrcllcc  mcthocl,  OI)C would ]Iavc a (]norc  or ICSS ac.curate) cstilnatc  of tllc
])atl]-incgra,tcd  attenuation as WC]], a])d that,  csti]natc could  bc used to refine O]IC’S  csti]l]atcs
(as is proposed in Mc],cgl,i])i  al,d Nakamura, 1 990). ‘J’llis  first cxaInl)lc  shows tl}at cvcm in
this case ,  s ign i f i can t ly  a]]) biguous  profilcx can still mist, wit]) IIo cxp]oitablc  diffemlcc  ill
tlic total  ])ath-il)tcgratcd  attclluation. As  h case 2, it co]rcs])o]lds  to tllc situatio]l  ~vllcrc
a] =. 0.75ao,  wllicll IIappcns f o r  cxall]plc WIICII ao : 400 a]ld CII u 300. ‘J’llcsc  values for
tllc cfocfhcicnt  a arc wcl] within  the ]jul~lisllcd  rallgcs  found  by rcgrcssioll  a n a l y s i s  (Ilattan
1973,1Jlhricl]  1983).  ‘1’llc  p ro f i l e  Itl ill tl]is case is allnost  100  % grea te r  tllall  l{.. ‘J’IJus,
CVC]] when tl]c  surface ba,ckscattcring  cocfficim)t  is known  exactly, tllc  slllfacc-rcfclc]~cc  rain
rctricva]  lnctllod  still l)as large illhcrcllt alnbig;  uitim.

Onc can interpret these two cxalnplcs  ill a diflcrcnt  way, assuming that t,hc l)aral  nctcr
o is kl]owll  exactly ( i .e .  t,l)at a. = o]). $k pcci~lca]ly, tll CSc t,~vo cases show how a lc]a,~jvc]y

slllall  clla~]gc  in tllc value of the surface backscattcring  c.ocf~icicl)t  u can lead to sigl)ificant,]y
diffcrclit  dcrivccl  rain rate profiles. l]]dccd, with  ao = a], tllc first c,asc sllcnvs  that a 1.7 dlj
dccrcasc ill 00 (which corrcspo]lds  to 00/01  = 1 .5), alon!; wit]]  slna]l  challgcs  ill i,hc rcll]aillillg
lmralnctcrs,  rcsu]ts  ill an undcrcstilnatc  of LIIC true Iaill rate lto =- 20 ]mn/l Ir that is allnmt
100 Cx) Sl)ort  o f  tl)c  Corlc!ct  Value!. ~ilnilar]y,  tllc sccol]d c a s e  snows Lllat illcrcasill~  00 by
1 . 2  d]] (S O  t h a t  Oo/~l  = 0.7b)  ])roduc,cs all ovcrcstimatc of t]jc true rail] rate. A]]owillg  for
silllu]t,a]lcous  Ul)ccl’tai]]tics  i]) t])c ])aralnctcl a Only aggravates tllc  alnbiguit,yo

I,cL us now rc]novc tl)c  assumption] t,l)at tllc Z- It and  k- 1/ rclatiol]s  arc collstall{  t,l]rouglloutl
tllc rain colulnll.  ltatllcr  tllall al low tlIcsQ qualititics  to wily  all)itral.ily,  vw ml)rcss  Z, k al)d
Ii dircc.t]y  ill terms of tllc drop  sim distril)ut,ioll, IIidccd,  if AT(I)) d]) dcnotjcs tl]c  IIIl]IllJer  of



dm])s  lWI’ cubic. mcicr WI IOSC clialnctcr is l)ctwwcl] l) and 1) -1 d]) 712771,  tllml

wl)crc  o ~(1~) is tl]c  total  al~sor])tic)]l-al  ltl-scattcrillg  cross-sect,ioll  for a drop of dial  ncter I),
a]]d v(l))  is t,l]c drop fall velocity in 7n/scc. ‘1’o lnakc these expressions practically uscfu],
wc IIccd to rc]dacc  N(D) by a ])llysically  reasonable analytical expression, tllcn  preform t,llc
rccluircd  illtcg;ratiol]s.  l“ollowi~)p;  Ulbricll  (1 983),  wc shall assulnc  that  N(l)) is l’-clistril]utcxl,
i.e. tl}at

N(l)) =- AIYI)””  ] c-~)if])l’”),  O  <  ]) <  w (22)

w,i~]l ~yl,  111 all{l  E t]IC l)aralllctcls o f  tllc distril)utioll. III this  notat ion,  1~ dc])otcs  LIIc
avcmg;c  clrop d iamctcr  al ]d m is t 1 lc ‘~c.urvaturc)’  paral]lctcl  o f  tllc dishibutiol).  l“or Oi(l))
a]id v(l)), Atlas ant] Ulbric.11 (] 974 allcl 197’/)  IIavc SIIOWJ]  that,  power-law z~l)ljloxill~a,tic)lls
are adcqua,tc  provided the coefficients arc a,]~l~ropl’iatc]y  CI]OSCI1.  Using  LIIC rc]atiol]s

4 3 4 3  o~())) & 1.85, 10-4 ))4’273 (23)

v(l)) & 3.781)~”~7 7il./scc, (24)

(s~~ Atlas all~l  ul~licll  1977) o111 tl~l~~ qllalltitics  Z, k a n d  It a r c  givcl, Ly

()77 ?) L-l 6

x 5’ 1’(?71 -i 6) ;; NY, , (25)

/-,. \ ?i~-1 4,27

()”k s ].85 .  10-41’(m -1 4.27) ~)
‘?11

(-””)
?11-1 3.(;7

1/ & 7 . 1 .  1 0 - 3 1 ’ ( ? ) 1  -1 3.67) ~~
1 n

NY, , (26)

NY. (27)

()z :. ]40,~  .  -W! ..’!!)___  !!. 2“’{’{  .  J/,
1’(3.(;7 -1 ?77) 7//

(?8)

( )

1’(4.27 -1 ?/1) D ‘“6 . ~{
k = o.OXi ---- --------- -- ,

1’(3.67 -1 ?//) 7/1
(:?9)
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aIId our p r o b l e m  i s  to find Ii(t), m(r) -ant]  7)(7’),  given  our measured ( c a l i b r a t e d )
raclar  rcflcctivitics  p(r). It is iln])ortallt  to poi])t  out, t,llat,,  altlloug]l  (28) and (’29) SCCII1  to
il)l])ly lillcm relations  Lctwccn k, Z and 1/, this is l]ot tl)c  case. lnclccxl,  wc arc not. assulnil)g
tl]at tllc variab]cs 1/, m and j~” arc illdclmldcllt  (ill fact d a t a  sug;g;csts  tliat T) alld It arc
closely  cmrclatccl),  or tl]at t,lleir covariallccs callllot Challp;c  wit]] ra]]g;c.  o n c e  it i s  ILoticcd
that  Ii, 7// allcl 77 )nay  k closely rcaltcd to o]]c allotllcr,  and that tllcsc rclat,ions  IIlay cllal]gc
wii,ll  ra])g;c,  i t  Ixxo]ncs  c l e a r  that forlnu]as  (28) and (29) cm) illdccd  bc a])l)roxialntcd  by
]Jowcr laws u])dcr  a])pro])riatc  aclclitiollal assuln])tiol]s.

Il]]dcr  tllcsc assumptions, al~d using t h i s  IIotatioll,  t]]c prol>]cm i s :  givc:ll  l.a,ill  c]ata
{ltcI(r),  mo(r),D o(r)}, arc tllcrc ally  diff’cm,t data {1/, (r), ml (r), Dl(r)} satisfyi,,g

~40 ~ 1’(?71, (?’) -1 6)

( )

D, (?’) 2’33 I[!rt~]i4:?7].(:  [;)oc.},l(t)dt  (q”)0.2 j-; o.02G’~ ,,,1 t + 3.67.-_— .——  — -.... —.. . .
IT(TTll (r) -I 3.67j ?72, (7) . 1{, (?’) .10- .

l’(me(r) -I 6 )

( )

l)~(?’) 2’ 3 3 1: ?JQ[t]+.!:2?](~\  :})o~.I/o(t)dt– 0.2 j-; 0.02 G’T[,7,0 t + 3.67
= 140.8 ‘ —— . .

1’(7?20(?’) -{ 3.67) ??20(?’)
. 1/0(7’) “ 10

a])d,  if so, IIow clificrcnt  can lto a]]d ltl bc?

‘J’o al]swcr  this quest ion, wc shall  usc tl]c  salnc l]-latllcl)-l:~tic.zil  dcrivat,  ion Lliat g a v e  us
(15),  starti,,g;  wit],  (30) this time. S],ccifica]]y,  wc

1  )  m u l t i p l y  hot]] s ides  o f  (30 )  I)y - ().0()52  ]og(]  ()) !’~4:27+  “:’} f; “7 3,
1’(6+ ?),1) ( )

2) integrate froln  O to r,

3) isolate 10 - 0 . 2  f; 0.026  (1’(Tm  (t)+  4.27)  /l’(wl(  t)+  3.67)  ).(l)I(t)/tJil  (t))  OC. }fl(t)  (lt
on tlic left-llalld-side,

4) take the clccima] logaritlll]l  of bot,ll sides,

5) c]iflcrcntiatc with rc!s])cct  to r al]d silnp]ify  tl]c  r e s u l t .

WIICII ap])licd  col)sccutivc]y,  tl]csc  stc])s  will tral]sform  (30) il)to

“-””’ (%$2$!)]”7:31’,,,0 7)+ 6)1 (~)~~q+  4.27J
(  -  ~~;[T)~ti)i-’(??LO(T)+  4 . 2 7 )Wllc.]’c  1“ ?’) - 1“’(7)  dmlotcs  tl]c  dc]ivati~c  of  1“ ]vitll

rcsl)cct Lo r, and ko(r) is tllc attclluatioll  cocfficiclltj  fo r  tl]c  ])rofilc II?O(T) as  ill ( 2 9 ) .  ‘1’IIc
lnostl s t r i k i n g  rcsclnb]cllcc bctwccll Ill]is  cquatiol)  and ii,s l)owcr-la]v  colllltcrl)arts  (1 5) aI]d
(18) is tllc fact that tllc alnbiguitics  col)tributc  cx])ollcl)tially  with ra]~p;c.
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‘J’o illustratjc  tl)c uscfull]css  of (31), wc shall  dctcr]ninc  tlIc difl’crcnt  alnbiguous  p ro f i l e s
that would ])roducc  tile sa]nc cfl’cctivc reflect ivi ty ]Jrofilc  as a c.onstallt  lf~ = ’20 Imn/lIr,
usil]p;  tl]c  cllol~-size-distril ~lltioll lnoclc]. 1 lcforc wc call a])p] y (31 ), wc lnust  first dctcmninc
tllc rca]ist,ic  rallgc  of wducs  that  we need to collsidcr for ?)L allcl Ij for rain rates of abou t
20 nzm/lLr. ‘J’o do t]lat, wc u s c  L]ic doculllclltcd  mnl)irica]  alla]yscx  of  t])c rclatiol)  l)ctwccn
o b s e r v e d  va]ucs  of Z, k and 1/, wllm) 1/ is IIcar 20 11~1]]/l)r. Sil)cl  thC!SC l’CF;l’CSSiOll  al Ia]ySCS
l)roducc })owcr-law Z - It allcl k -  1/ rc]atio]ls, wc shal l  try to rcwriic (28) and ( 2 9 )  a s
Z = all’ a n d  k = oIP rcxpcc. tivcly,  w i t h  L =- 1 . 5 ,  /i’ = 1 ,  and It z 20 ]llln/l)r,  and try to
dctcrlllil]c  tllc values of  m al)cl I) that }Jroducc vd]ucs of a al)d c! witllill  tile raI]gc  obscrvccl
I)y t,l]c cun])irical ana]yscs  (SCC IIatt,all  1973, Kozu  1991, Kozu  a]ld Naka~nura  1991, llll~ricll
1983), ‘J’llc  values of m and ~) t,llat we consiclcwd,  along with tllc collcs]>ollclil~p;  values of a
a]ld a for Ii = 20 :nm/lIr,  arc shown  i]] t a b l e  1. IIascxl  o]] tl]csc  values, let us cxalllillc  tllc

r::7)1

‘]/P

1/2
1/2.—— —.—

1
1 “-.
1 .—
2
2
2
-3- ““”
3
3
4 “
4
4

31-1
1;2 1 2 1 5  0 . 0 5 9
1/4 60 —0.027ti -

1 / 2  3 0 5 0.042—-
3/4 784 0.0E4
1 / 2 -  91 0.031

I - 457 ‘“0-.04 7

2 11260 t 0.0625 “1
1 -1 173 I O.oml

L. .–—.— 1 _–. ..___. ..1

‘1’al~lc  1: 11S1 ) lmralllctcrs  { } powm--law COYJCSJ)CJI)CIC]IC[:  at 2(I 1]1111/l]r

fol]owillg  four cases:

●  cas(! 1: Ino = 4, 1)~ L 1.5, lnl Z- 0.5, D~ =- 0.25.
-..

● Case 2: 7710 : 0.5, 1)0 = 0.25, ?7/, : 4, )), = 1.5.

●  c a s e  3: mO z 4, DC, =- 1.5, ?/ll ~ 2, ~jl = I.

● case 4: ?/t. =- 2, j~o = 1, ml = 4, l)] = 1.5.
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_——
Sillcc  m aIId 1) arc not likely to rclnail~  constal}t  over lo]lg scglnmlts  of tllc rai~l COIU]I-11),  ivc
rcstric.tcd our attclltioll  to rallgcs  bctwTcc IJ r = O  a~~cl r z 3 kin.  1{’igurc8  SIIOWS tllcp;ral)]]s
of tllc l)rofilc  }?] ill cacl]  of tllcsc four cases, as givcll by (31 ), ‘J’hc  rcsu]ts  show, once again,
that  the intrinsic aml~iguiticx  arc very  scvcrc. ]ndccxl,  t,llc ])rofilc 1/1 of case 1 clivcrg;cs  froln
LIIC col)stal]t  1{0 =: 20 ImI]/lIr very ra])id]y.  \Wlilc l?] ill c.ascs 2, 3 and 4 diverges IIIOrC  slo~v]y,
tllc relative error  (1/1 -- lto)/lto  dots rcacl) -45 Yo, -25 % allcl 37 Yo rcspcctivc]y  already wllmt
r ~ 2.5 km. I t  is  also illtcrcstillg;  to )Iotc tl]at tllc attmluaticm  fac to r  cl is allnost  idcl~tical
for tl]c  four profi]cs  ill cases 3 and 4: all aclditiolla]  attcl]uatio~l mcasurcl]lmlt,  would not  I)c
suflicicllt  to distinguish Lctwccn  tllcsc two  cases.

5 TWO  beams

]Iow  call wc attcln])t  to clear u]) tllc ki:ld of a]llljiguity dcscriljcd  in t,llc  previous two scc,tions’?
011 O]IC hand, onc lnight  look for i]nprovc]nc]lis  to tllc ])llysical  )nodc]  of tlIc  dc]m~dcIlcc  of
tllc cflc!ctivc reflectivity on tl]c  rain rate, as wc started to do in tl]c  previous scctioll.  I(’oI
cxalnplc, onc  mig]lt  try to il~l])osc  solnc  conclitimls  011 tllc paralnctcrs a, L, a and ~ (or j71, ~)
allcl  1?), such as bouncls  on tllcir  ranges  or functional  r e l a t i o n s  bctwccn  tllcm lvhicll a r c
j u s t i f i e d  solncllow  by tllc  pl)ysics  illvolvccl. Sucl  I all ap~)roacli  is likely to turn all a l ready
q u i t e  silnl)lificd  moclel into onc  that  is ullrcalistic.al]y  collstraillcd.  1]1 any c.asc, i m p r o v e d
Inoclc]s  arc likely to invo]vc  more alllbigllity-])  1’oclllcillg  paralnctcrs  rat])cr tl]a.n fcw~cr. ‘J’IIc
lnoclcl wc have been using,  in spite of its silnp]icity,  remains quite uscfu]  ill Illl(lcl’stall(lillg
tllc ])rob]c]n  at }lal]d. In fact, bccausc of its siml)]icity,  Ll]c I]1OCIC1  tlmt assumes polvcr-la)v
Z - It allcl  k – R relat ionships can bc USCCI to test tllc ability of ally  ilnprovc(l  mcasurcmmlt
SC,IICII-IC to discrilninatc  bctwcml  tllc alnbiguitics  uncovcrccl  so far.

‘J’llcrcforc, ra.tllcr  than lnoc]ify  our silnplc ]noc]cl, le t  us  consider  lnodificatio]ls  to ou r
data-gathering scl)mnc.  It is ap])arcllt  froln  tllc ]~rcvious sections t]lat OIIC of tllc IIlaill  rcasol]s
for tllc difficulty ill finding  a ullic]uc rain  ])rofilc given its c!flk:ctivc  reflectivity profi]c  is tl]at
~llc r e f l e c t i v i t y  a]id t,l)c acculnulatcd  attclluatioll  boi,ll colltriljutc  to t,llc  l]]casurcd  cfl’cctivc
reflectivity for any givcl]  rang;c,  ill pro]) ortiolls  tl]at arc coIItrollcd  Ijy ullc.crtain  ])aralnctcrs.
OIIC lnigllt  tllcrcforc  look for  a ln(!asurcll)cllt  SCIICJI]C tl]at caIl yield data where  tllc cflcct
o f  rcficc.tivity  on o]lc l)al]d a n d  attclluatioll  o]] tllc otllcr a rc  lnorc  e a s i l y  scl)aratcd. ()])c
SUCII  al)l)roac.ll, solncwhai  silnila.r to tllc  stcrcoradar  idea ])ro])osml  by ‘J’cstud a]]d A I nayc]lc
(1989), requires tl,at t,lic radar ]Jrobc tl,c rail,  COIU],),]  at t,vo distil,ct  i,,cidc],cc a,,glcs,  say ()
(,,a(lil-l(,(,l<i,,g)  and  O (greater tl,a]],  but ,Iot, too far fro],,  O), a],d tl,at ,vitl)i]l the ,oII,J,)c  of
t,l]c two Lea]lls tllc  rail] rate is  l]o]]]ogmlcous IIorizolltal]y  (it II-lay  dc])cnd  0]] altitludc only).
‘J’l)is  r a d a r  ViCWillg  coIlfigura.tioll  is gralj]lica]]y  i]]ustratcd  ill figyrc (). lJlllikc tllc SCI]C]IICT



l)m]joscd  i]) (’J’CSLUCI  alld Alnaymlc  1989), wc s h a l l  J)OL try to u s c  LIIC cfl”ccts  of tl)c  lnot,ioll
of  tllc ])latform carrying our radar. in  fact, wc s]wcific.ally assulnc  that  tllc two radar bca]n
a]]g;]cs arc ILOi sylnmctric wit]) r e s p e c t  t o  ally })lanc llorlllal  to tlJc g;round - wl)at  w c  do
:1S1<  of tlIc  two beams is  that  the raclar  rcturl)s  wllicl)  tllcy  ])roducc  from ally  p,ivcl)  l a y e r
IIavc diflcring  a t t enua t ions  (due  to diflcrmit  travc]  till m). 1“01 such  radar rclturns  t o  I>c
coll]]mral)lc,  wc also assulnc  that bcaln allglc  O is sufliciclltl.y  sIIIall  so tl]at wc II]ay assu Inc
that  tl]c  rail] rcficctivity  al]d attcnuatio]l  arc csscmtial]y  illdcl)clldcIlt  o f  tl)c  r a d a r  bcaln
a n g l e :  tllc.y call depend  OIJ a l t i tude olily,  IIot 01) tllc  IIorizollta]  coordillatcs.  1“01 st]a,tifol.m
rail],  tllc.sc a r c  IIot ]mlicularly  rcstric,t,  ivc assuln]~l,im~s. ltor  IIigllly collvcctivc s i tuat ions,
Ll]csc  assumptions might force O to IN toe) close to O to ])rovidc  any sig;llificalltly  diffkwmt
])atll-illtcg;latc(l  at,tcl)uatiollso

III ally  case, under  these assulnptiolls,  tllc  cflcctivc rcflcc.tivity  ~~(r)  ]J-]CaSUrC.d froln  raIIgc
r alol]~ tllc IIadir  ang]c  is of course still  given l~y (3), hut tl]c  caliljratcd cf~cctivc  lcflcc.tivity
y~(r) fro]n  tllc salnc rallgc  (see figure 9) at allglc  O is ]Iow givc]l  hy

m(r) ‘ alt(?’ cm O)q ()- ~z~ J“’ co’” If(w’wcoso. (32)

C o m p a r i n g  ihc cffectivc  rcflcctivitics along tllc two  illcidclicc  allglcs  at t h e  salnc  aliiludc
ratl~cr  tllall  tllc same range, say at tl]at altitude which CO]JCS])OIICIS to vcrtica]  range r, 01’1 c
finds  IJlat if two sets  of rainfall lmalnctcrs  {l/O(?s),  (LO, Lo, CYO, Po} and {J~I(T),uI,  ~1, CYl,81}
arc to l)roduc.c  tl]c  same reflectivity lCVCIS alcnlg; both  dircctiol)s,  tlicy must satisfy

Cz]li](?’pl o-” o.2C?~ f: R](t)fzdt  =
])(1’) = aol?O(7’)bOl  O--o’z&o -L’ ‘b(t)po~t, (33)

0.2cr1 for Rl(t)fll  dt/  COSO __ 0.200  f; }to(t)pOdt/  COSO
a]]t] (?’)~1  10-- . (34)PO(;+ji) =  a0R0(7)b01  O-

at all ranges r. l!quatil)g  tllc  ratio of the left-llancl-sides with tl]at of t]lc  rig;llt,-lla~lcl-si[lcs
ilnl)lics  t,l]at

aIId tl]at

aol{o(r)bo

at, d] rallgcs r. ‘J’]lcxcforc wc lnust IIavc

)q]{] (iy” (if : 0, (35)

a]]i]  (rp , (3(i)

(37)

‘J’l]us, ill this cam, ltl al)d Ii. lnust bc related by a ])owcr ]alv. M 01’cover, docll  111{’lltcd Va]u(x
for /5’ ohtaincc]  by scvcja]  authors (Atlas altd [Jll>ricll  1977, IIoviall  aIId Xrllif  1984, I<OZU and
Nakwmra 1 W] ) usil]g statistical rcgrcssioll  over (;-, X- and l{-l.ml  Ids illdicatc  tl)at OJIC CaII
rcasol]al~]y  cx]~cct ~ to hc witllil) tllc  illtcrva]  [() .98,  1 .18], lvllicl)  folces  tlIc  CX]JC)IIOIII ill tlIc
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]) OWC!l’ ]aW IT!]ati]lg ll?~ and R, to rcnnain  fairly C]osc! to 1. Wit]loui  furth{!r  CC) IIStl’ZliIltS,  t]]c
l’clat,;  vc C!l’1’ol’  I (cYo/al  )’/fll  1{:”1  - 1 [ call still get as large as 1.74, or 174 Yo, wlta)  1{0 cxcccds
20 lnln/hr,  if onc u s e s  /?0 =- 1 . 0 8 ,  ancl if &o/al  = 2, ~1 H . 9 8 .  III tJIis c.asc, l]mvcwcr,  wc
can cssmltially  clilnjl)atc  tl)c  al]) biguity  if w[! lmvc onc additional  lncasurc]ncllto  S])ccifically,
lctf us assulnc that wc can also IIlcasure t,l]c average! rail] rate ltaug. hflatllc!ll~atical  ly, wc arc
assullling  that wc IIavc al) additional cquatio]l

(38)

\~~]Icn wc subsl,it,ulm  the first cxprcxsion  i]] (37) for ]~1 , (38) cm] bc viewed as a forlnu]a for
dctcllnil]illp;  t,l]c lil)ca,r  factor in tltc power law rclatillg  1/1 to Iio, ]lalncly

‘J’]Ius, u]ldc]. t,]lcsc assul~-)l)tions,  every va]uc  of /3, dcl,mlnincs  a l)cw IJrofilc  lil ul)iqucly,  al)d

ulliquc  va]ucs  for the remaining paralnctcrs  (the value for 01 prescribed by (39), allcl those
va]ucs  for al, LI rcquirccl  to satisfy (37)). S])ccifically,  tllc ])rofilc corresponding to ~j is

(40)

l{ccl)illg  ill lnind that the ratio flO/~l  l)as to IJC vmy  close to 1, onc call scc Ll)at any l)rofilc  1/1
satisfying (40) cannot bc very far froln the origilla]  ])rofi]c 1/0. l,ct us qual]tify  this ambiguity
Inorc prccisc]y: IIow far off could  wc bc if wc tried to usc all t]lc  data wc arc a.ssulnillg  is
availab]c  (i.e. ])owcr versus ra]lgc  in two bca]n allglcs,  plus a,vcrag;c  rail! rate), with ~ u 1.08,
to SOIVC for the rail] rate? Wc can  answer this qucstiol]  by calc,ulatilig  LIIC rc!lativc  squared
error Q bctwcm]  the rail] rate 1/0 obtained ill this fasl]ioll (i.e. with ~. =- 1 .08) and ally rail)
rate It] tlla.t  is cqua]ly  consistent Wit,l)  the clata at IIalld,  i.e. any }{1 satisfying 40 for some
valllc  @l. Gllil)g  tl]c  r a t i o  1.08/~1  u 1 -1 c, wc find tl)at

( .ld’’”o’ l{()(i)(li )
2

--;;;a-;-’”’— - - - - - - -  )/()(?’)’ - 1  .
‘J(”) ‘- Jo ~~o(~)’-’ c~li

(41)

ljct us call



l’uttiIlp;  (42) and (43) togctllcr,  wc find that  if c > (1

(44)

‘J’IIc  sa]nc incqua]ity  can  bc dcrivccl  using  silnilar  considcratiwls  ill tlic  c.asc  wllcrc  c is neg-
ative.

We can usc (44) to get all uplmr lmulId  0]1 tllc worst-case relative squared error Q, as
a function  of the ratio lt,l,ar f R~,~;,~, with C L O. 1 (tll C WOrSt c.asc, accorclil]g  t,o rcgrcssioll
cstilnatcs  of @ lncntioncd  ahovc).  ltigurc 10 shows a plot of @- vcmus  lt,,,at. /li,,ii,,.  As one
Cal 1 SCC fl’0111  tllC graph, as IOng as ll’.,J~~~/lt,~,;,, < 5 (a very realistic bound  OII tile variation
of tllc rain rate withil)  a sillglc  ‘<event”), tllc  rc]ativc  error cannot, cxcccd  1 7% at ally ra]lg;c.
‘I’l Ius, ill this c a s e ,  i]) sp i t e  o f  tl]c  fac t  tllai, tllc t,llcorctica]  Solutio]ls arc JIOt ulliquc, ~]lis
alnl)iguity  is acceptable bcc.ausc  tlw difl’crmcc  bctwccn tl~c solutions is ]ICVC:Y toe) large. of
C o u r s e ,  tllc unccrtail~ty  ill Lllc cstill]atc of II?(’1’9 tl]at OIIe would ]kavc ill l)racticc would  ]Iave
to bc takcll into account by any inversion algoritl]nl.

‘J’licrc  rcmail]s to  ve r i fy  that the t i l t  allglc  O clocs  IIot IICCXI to bc ])rollibitivcly  slnal].
Worki~]g backwards, wc usc (32) to note that tllc  diffcrc]lcc  }~ctwccll  tl]c echo lmvcm along
tllc IIadir al)d tiltccl  look ang]cs  is 10 logl O(l/ cos 0). (Jsillg  II,ay]cigh fatling as our l}cllclllllark
IIoisc lcvc],  if wc usc 50 dfcctivcly  inclc])clidcnt  radar ]~ulscs  to obl,ain our data, tllc r. In. s.

x]okc level ill our data will  k 1 //50, or abut 0.14 d]]. ‘J’llcmforc, for our tw-allg; lc ]mwm
dif[’crcncc  to cxcccd this noise floor, it is sufliciclit  to clloosc  O sue]) that ] () ]og;l O(] / cos O) ~
0.14, i.e. O ~ 14.4°. l~roln Lllc geometry of fi~um  9, it is IIow easy to trans]atc  t]lis into  t]lc
collcs]~ol]clil]g  IIorizont,a] llomogcncity  rcquirclnclltlo  spccifica]]y,  if 4 is the ]jcalnwic]t]l  of ~]lc
raclar antcllna,  lL the al t i tude of  the Lallcst rail] ccl], and 1) tllc a]titudc  of tllc ])]atforln,  ~vc
lnust  assulnc llorizol]tal llomogcncity  over a distal)c.e  of 7(0) & ()/ sill O -1 21)~))/  cos O. Wit]]
@ Z- 0.15°, 1) = 300 k]n,  }L =. IO k]n and O z 15°, WC fiIId that  x(15°)  & 4.3 kIII, a  qu i t e
rcasonab]c lower bounc] 0]) the IIorizonta]  rcsolutio]]  of tliis scl IcIIIc. l“i]lall.  y, since tlIe  t~vo
radar looks  Cover  rougl)]y  tll(! salnc foot])ril]t  011 t,l Ic g round ,  tl]c corlcs])ol)dil)g  data t,a]{cs
will IIavc to occur at slightly difl’crcllt ]mi]]k  i]] ti]]lc, and  It’c IId to verify tlIatf  tlIc rail] ccl]
caIIIIot  clIaIIgc  much ill tllc. il~tcrvcnil~g time. At aII altitude of al)ol~t  300 kin, aIId assu]]li]~~
a]] al)])roxi]nat,c  s])cccl  of I O I{ II-I/SCC,  tllc platfor]ii  would IIccd to travc]  for 300 taII(l 50)/1 () V
8 seconds  bctwccll the two  da ta  i,akcs. Assu]]]i]]g aII a])])roxi]]ldtr  fall velocity of 3.S 1)(’C;7
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]11/see, drq)s  with a cliamcicr as large as 1) I 5 IJ)m will not travel farthcx Lllan 90 Inctcrs
ill tl)c  illtmvcming  time, or less Ll]all  a ty]jical  radar ra]]g;c rcsolutioll  bill. ‘J’llus,  Wccollcludc

that tllcttvo-bcallla]~])roacl]  wl]icl]  wc:]J1c)]Joscis  (lllitcfc  zlsil]lc,zi  ll(lsllolllcl  l)rcducclargcly
ullalill~iguous  rcxsults.

6 Two frequencies

It is l]atural to cxpcci that  i f  wc could  analym  tllc back-scattcmd  p o w e r  at two distinct
frcqucllcics,  tllc problcm  of cstilnatillg  the rain ])rofilc would bc significantly less wllbiguous.
l]}dccd,  if wc approximatml  the: col~til}uous  rail) rate funct ion it(r) by a ])icmwisc  constant
vcrsiml  li(nAr), 1 < 7t < N by cl~oosil)g soInc a r b i t r a r y  collstani  ‘ ( l a y e r  Lllickllcss” Ar, wc
w o u l d  tlle]l llavc  N -i 8 unknowns  (tllc additiol)al  cigllt  UTI1<I)OWIIS  corrcxl)o]ld  to Llic paralll -
Ct)crs a, b, a, /3 at the  two frcqumlcicsl assu]ncxl col]stant)  o]l OI]C l)ancl,  a n d  ‘2Ar cqua.tions
identical to (3) (one for every discrctc  layer at cac.11 of tllc two  frcxlucllcim)  oll the otllcr
IIalld.  ‘J’lIus, as soon as  N ~ 8, O]IC w o u l d  bc al)lc  to solve  for  the rail] ])rofilc ullalnl~iF;u-
ous]y. of course, for that to bc true, OIIC would have to ]inakc sure that tllc 2A’ cquatiol)s
arc suf~lc.icnlt]y  inclcpcmdcmt. IIow  can wc fi])d out  if t]]is is t]lc  c,asc?

‘J’hc  iwc)-bcaln  scm)ario  o f  tllc l a s t  scctioll  i s  onc cxamp]c  wlIcrc, l)ad we clIoscHI  to

discrctixc tllc atlnosphcrc  into Al layers, we would llavc clldcd u]) wit]) 2AT c.cluatiolw  (namely,
(3) a]]d (32) for cm.h layer) and o,,ly N-l 4 u,,lmow,,s,  yet, as we dc~~,onstratcd,  the cquatio,~s
WOUIC1  have admit,tccl  lnultil)lc  solutions. ‘J’l)c  silnplcst  two-f rcqucu~cy cxaln])lc  c.o]lfir]]ls  tl}at
this ca~l i~)dccd  happen in the case at IIand  too: inc]ccd,  if the rain ra.tc is  constant ,  many
rail] rate profi]cs  (with different a, b, a, ~ values) call theoretic.al]y bc rcs])onsib]c  for tllc salllc
rc!mivcd  ]~owcrs at botl)  frcqua lcics.

‘J’o stuc]y  the problmn  more systclnatical]y,  wc ])roccccl  as ill Ll]c previous scc.tion. As-
sulnc  that Itl ancl lto  satisfy the cquatiol]s

allt](?’)b’lo  - 0.2cr1 f; R] (t)~I di , 0.200  f: lto(f)flodi (frcqllcl~cy  1 )
a o l i o ( ? ’ p ’ 1  ()- > (45)

at al 1 ranges r. A s  in tllc sillg;lc-fre.(]llellcy  c.asc, i f  wc rcq)lacc 1{1 by l,lic IICW U}I1{J)OWII
1“ = Iij /1/{,, wc call Lra])sforln  tllcse cc{uatio]ts  il)to

1’” ( ) . 2  IOg(lo)cll /3 IF (’)0 1(’0
lio’l’  ] -1 (- -

0.210F(10)Ck[,- .—: .—. — .—.
1“ 1)~

1)77[) -  - - – -  -;;J --l{&,
b,

(47)



l’” ().210gj(l())71  ~L& @
- . . .  =.— -.. —.. —... —.—
F Clj

t,ogctl]cr  with t,llc initial condition  1“(0) =
IIy  cli]ninating  l’” bctwccll  (47) and (48),
?’, IIalllc!ly

(@  .]<61 ‘-h @ =. _ _ _ _ _ _  _ _ _],rl  - m] do

d} al 0 n, ]og 1 0  d]

WC shall usc the inverse function  thcxxc]n  (l I’’rJ’) to SIIOW tl)at this cquatio]l  call hc solved
for l“(r) at any partimlar  r. 11’or tl]c  ll’rJ’ to a])~)ly,  wc need to lnakc sure that  Ll)c lcft-llalld-
sidc  of (49) is an invcrtib]c  function of J’, at least for those wducs of tl)c  paralnctcrs  /?I, fil
that wc arc illtcrcstccl  in, IIalncly  values tl)at arc very close to 1. ‘J’o that c]ld,  wc co] JII)utc
the d e r i v a t i v e  o f  tllc functiol)  f(z) = *P - kc&: $((x)  = /3xp- 1- ~6xJ-’, and,  as l o n g  a s
A :/ /3/6,  ~’(x) is illdczcl  no]) -zcm. Sillcc  ~ i s  slnoot]l  ill /?, J, }, it ]nust rclnaill  ,gplcrical]y

locally il]vcrtib]c for values of /3 and 6 CIOSC to 1. ‘J’llus,  b y  IJIC i]lvcrs(!  fullctiol~ IJlcorcm,
the left l~al)d-siclc  of 49 is gmcric.ally all invertible ful}c.tioll  of tllc quantity  l“(r). ‘J’l]crcforc,
F;cllcrically, givcll constant values for the parameters a, l), c, d, a, ~, -y, 6, and oIIcc tlic original
profi]c  l?O is spccificcl, (49) acllnits  at most onc solutiol]  in l“(r). ‘J’hc  calculations ncccssary
to obtai~l 1“ explicitly arc quite tedious a]lcl Illlclllig}ltcllillg.  Sylnbolically,  wc c.al~ write the
solution as

1“(?’) =- 3( RO(?’)> 1?’0(?’),  a], I)j , CY], p], ~] , d] , ‘y], ~1, CIo, & ~o, PO, co, ~~o, 70, fro), (50)

wl]crc  tl)c  function  7 is smooth ill all its argLllncnts,  i]lcluding  the first two. 1]1 turn, for  suc]l
a, solution 1“ to satisfy (47) and (48), wc would  IIccd to substit,utc  tllc cx])rcssion  (50) for 1“

ill citllcr (47) or (48), difi’cmltiatc f as required, and IImkc sure that tile rcxultillF; ccluation
is  satisficcl.  IIut,  trcatillg  al, bl, aI,&, c],  d], 71, fil, ao, 1)0, ao, Do, co, (10, 70,6’0 as ])aralllctcrs,

tl]c  rcxultil]g  equation is a llo)l-lil]car  second-order ordinary diffcrcv]tial  cquatioll  i~] l/o.  Its
solutiolls  call bc ])armnctrizccl  by at ]nc)st 18 l)aralnctcrs  (c.lloscl) from alnong  LIIc 16 already
at IIallcl, together with the two initial values for 1{0 and It’(,). A rain rate ])rofi]c 1{0 wl~ic.11
dots ]Iot belong to this family of solutions will autolnatical]y  bc an ullalnbiguous  ])rofilc:  IIO

values of a, b, cr, ~, c, d, y, 6 call ]Jroclucc a diffcrclit ])rofilc that  would IIcvcrtllclcss  gcllcratc
tl)c  same bac.kscattcrccl  power at two frcquc]]c.ics.  011 IJIC otllcr hand, a profile 1/[, tl]at dots
belong; to this falnily  of solul,iol)s (SUCII as, for cxalnp]c,  ally  exactly constant  profi]c,  as wc
l)oillicd  out earlier) remains alnl)i:;uous  cvm] with (l~lal-frc(l~lcl]c~?  lncasurc]  IrICIIk.  Still, sil)cc
tl)c  falni]y  of ambiguous ])rofilcs is thus ]mralnctrizcd  by a fil)itc  IIUIIIlmr  of ])aralllctcrs,  oIic
call a s se r t  tl]at, gcncricall?y,  tllc tw’()-frcqucllcy  ]Jrol)lc]II  l]as a ulliquc  so]utioll.



7 Conclusions

‘J’llc forlnu]as  Clcrivcd  above cc)llfir]n  that cst,ilnatillg  rain using; a  d u a l - f r e q u e n c y  a i r -  Or

s])acc-bcmlc  radar is generically ullalnl~igucms,  wllcrcas a sillglc-flcclllcllcy  sillglc-look-all  glc
systcln  has substantial  inhe ren t  alnbiguitics  wllicll aclclitiollal  dat,a , such as ])ath-averaged
attcmuatioli,  can  somcw])at lCSSCN but  c.crtaillly  ]Iot YcInovc. ‘J’IIc  fmvnulas  which  we derived
assulnil)g  power-]aw Z –- Ii and k –- It rclatiolls,  as well as tllc forlnulas  l~ascd o]l a dro])-sizc-
distributioll  lnodc],  arc useful for study  ill F; spcc.ific,  cases, as well as for assessing IJIC dl’cct

of known ullccrtainiics  ill ccrt,ai]i IIlcasurcd  paramct,crs  (such as the surface lj:~cl<sca,ttclill~;
cocfficicllt,  ill the case of sllrfacc-rcfclcll  cc(l ]Ilcasurclncllts)  on tllc achievable accuracy of
tlIc  rail) rate profi]c  r e t r i eva l . ‘J’lIc cxaln])lcs  wllicll wc prcsclItcd  (f igures 1-6 illustrai,il}g
(i illsk]lccs  of the ambigu i t i e s  i n  tlIc  clircct  profi]illg  apl)roac]l  assuming ]mvcr-law  Z - 1/
and k –- lt rcla.tionsllilm, figure 7 illustrati]lg  ill cfl’cct  4 instances of tllc aml)iguitics  WIICII

tlIc surface-rcfcrcncc aIJproacll  with ])owcr-law  Z - 1{ and k – It relationships is used, a]ld
figure 8 illustrating 4 cases of tllc  ambig;uitics  wl]cII tllc clircct  approach is used with Z - 1/
and k -- 1/ relationships lmscd on tllc drop size distril)ution)  SIIOW that  the sillglc-flc{l~lcllcj~
ambigu i t i e s  cxcccd  100 ‘/0 in g;cn[!ra], and can  e a s i l y  cxcccd  4 0  YO cvcl I WlICII  tllc ])atll-

intcgratccl attenuation is assulncd givcl].

If OIIC frcqucl]cy  is all that  is availab]c, our two-stall-allglcs a])]) roach dots rcducc tllc
all) big;uitics  to a poi]lt, wlIcrc  tlIcy  a r c  scimltifically  iljsigllifica~]t , olIcc the I)atll- avcragccl
rail]-rate is also kllowll.  in this case, tllc aml~iF;uitics  should ty])ically not cxcccd  20 %o.

l~or systems such as ‘1’llhlhfl, cmc must try to make the best cstilnatc  using i,llc  sillglc-
bcaln,  single-frequency radar data, cvcmtua]ly  w;tl) tllc l]c]p of radiolnctcr  ]ncasurclncmts.
‘J’llc results l)rcsmt,cd  a.bovc }Iigllligllt  tl]c  need for furtl]cr work in tllrcc areas:

1 ) A detailed study (empirical  .aIId l)hysica])  of tlIc  intcrdcpc?i  dcncc  of tlIc  l)ara.]nctcrs

g;ovcrllillg  tllc ~ -- It and k -- lt relations (whctIIcI  OIIC USCS l)owcr-]a}$r  al~l)loxjlllatjolls
Or rc]atiolls de r ived  fro]n t]lc d ro l ) - s i ze  clistlil.)lltic)ll),  a.lld, as a sccoIId stc]),  of tllc
constraints  t h a t  govcrII tllcir cvolutioli  wit]] altitudco ‘1’l]is  wou ld  allow  OIIC to ])]ac,c
tiglltcr  c o n s t r a i n t s  011 tl)c  paralnckrs ill qucstioll,  and cO1’lcsl)oll(lil]F;lJ~  rcducc tllc
alnbiguity  wllicll  tllcy  caLIsc.

2) l)cvcloping;  algoritl]ms  that  call i ncorpora te  ally (rclllaillil]F;) ul]ccrtailltiw  ill tllc Z - 1{
and k -- It ]mralnctcm,  and  ])roducc  cstil))atcs tlIat call accoul]t  for tlIcsc ullccrtainl, ics

ill tlhc rctricvccl r a i l l - r a t e  ])rofilc. ~ucJI  algoritllll]s  would ihclI  quantify tlIc. rcsu]tillg
ullc.crtlaillty  Ly cnahli]lg; ol]c to calculak  tllc va71iancc  o f  tlIc  cstilnatcs  aloIIg witlll  I,IIc
cxtil]la.tcd  rairl-rate values tllclllsclvcs.

3) l)cvclopillg  all approac]l that call fuse tl]c  data ol.)taincd  using a sillglc:-flc(lllcllc~~  radar



aIId a single  or nmlti-cllallllcl  radioInckr,  a~ld d e r i v e  tlIc l.mst cstilnatlc f o r  tlIc rail]

profile p;ivml tl]csc  two sets of data.

A prclilnillary  sunlnlary  of our ])rogrcss ill addressing tllc last two issues call 1X fcmIId in
(Iladdad a,,d II*I 1993). ‘J’hc details of our a~)]~roacll  a]ld furt],cr  rcsu]ts  will lm rc],orlml  i,,
future ]Jublicatiolls.
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11’igurc cap t ions

l“i~;urc I:

]JiF;U1’C  ~:

IJigurc  3:

IJip;urc  4:

l“igurc  5:

Y’igure 6:

l~i/;llrc 7:

]JiF;LII’C  8:

l~igurc  9:

l;ig~lrc 10:

Cmlstant  rail] ratclto C- 4 0  mIn/lIr  allcl  (YO =- 0. fJ3(i, and alnbiF;ucms  l)rofilc  Iil with
a] = 0.018.

(knistzmt  rail] r a t e  1/0 = ’ 2 0  Imn/11] and CYo = 0 . 0 1 8 ,  and  all]bigucms ])rc~filc lt, Jvitll
al = 0.036.

] 1 . s i l l  ratcprofi]cl?o  as in figL1rc4 wit] I l~o= 1 . 2 4 ,0 0 :  0 . 0 1 8 , / 30  =- 0.98, aIId 1/1 w i t h
(11 =- ao/o.73, bl = 1.8, a] = 0.03(; ,& = 1.18.

l{ain rate prof i le 1/0 as in f igure 4 wit]]  LO =- 1.34,  ao = 0,018,  PO :- 0.98, and Iil wit]]

a] = ao/l,03, bj = 1.64,01 =- 0.036, /?1 =- 1.18.

Collstani rain rate lto = 20 mm/llr,  witli  two cxal)ll~lcx  of ]Jrofilcs  that arc alnbiguous
with lio in tl]c  surface-rcfcrcncc approacl).

Constant rain rak lio =- 20 111111  /lIr, with four cxalnp]cs of profiles that arc al]ll.,iguous
wit]] 1{0 ill the dlo]~-size-clistliblltioll al)j)roacl).

‘1’wo-look-angle profiling sc.hc]nc,

up])cr  bouncl  for LIIC relative  error i]) tllc two-l ook-aligle  a])proac.]1.
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